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Abstract: We construct Euclidean 5d supersymmetric gauge theories on the five-sphere with 
vector and hypermultiplets. The SUSY transformation and the action are explicitly determined 
from the standard Noether procedure as well as from off-shell supergravity. Using localization 
techniques, the path-integral is shown to be restricted to the integration over a generalization of 
instantons on CP^ and the Coulomb moduli. 
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1. Introduction 

Recently, supersymmetric (SUSY) gauge theories on curved spaces have been studied intensively. 
One of the reasons why such studies are important is that the partition function and some correlators 
are exactly computable by localization techniques. In general, however, it is not obvious whether 
one can construct SUSY gauge theories on a given curved space. Even if it is possible, one has to 
construct the theories one by one. 

SUSY gauge theories on some simple curved spaces have caught attention for many years.' 
One of the simplest classes of SUSY gauge theories on curves spaces are on d-dimensional spheres 
S'^. SUSY gauge theories on S* were considered in [^, where it was shown that the partition 
function as well as the expectation values of certain Wilson loops can be computed as certain 
matrix integrals which were first conjectured by [Q, ^. The exact results also led to the discovery 
of a surprising relation between 4d A/" = 2 SUSY gauge theories and 2d conformal field theories 
[§, 0]. For three dimensions, an exact computation was initiated by [^ and generalized by [^, 10]. 



Following these successes in finding SUSY theories on S^ and 5^, it is natural to extend 
the search and to consider SUSY gauge theories on S^. Although 5d gauge theories are not per- 
turbatively renormalizable, one can consider any UV completion of the theory on S^. Then, if 
localization gives an exact result which is independent of how one completes the theory in the UV, 
the result may be well-defined. 



Adding to this, there is another strong motivation to consider these theories. In [ |11| , |12[ ], it was 
proposed that the maximal SUSY 5d gauge theory describes the 6d TV^ = (2, 0) SUSY conformal 
field theory compactified on a circle without introducing Kaluza-Klein degrees of freedom. This 
6d Af = (2, 0) CFT is both very interesting and mysterious. There is no intrinsic definition of 



'There have been constructions of SUSY gauge theories on curved spaces based on topological twisting nil, 0]. 



the theory, and we only know of it through (non-perturbatively defined) string theory or M-theory. 
It is therefore important to check this highly non-trivial proposal. For instance, the gravity dual 
analysis implies that there should be 0{N^) degrees of freedom at large N, instead of N"^ as it 
is naively expected from a 5d gauge theory. So far, there are some indications which support the 



proposal. These indications are from, for example, the analysis of the M2-M5 bound state 1 13, 14] 
and the instanton index counting in flat 5d [jT^. But despite these indications, there has not yet 
been enough evidence for the proposal. The exact partition function for 5d SUSY gauge theories 
on S^ will serve as a more direct measure of the degrees of freedom, like the 3d counterpart which 



was successfully applied to the case of multiple M2-branes [ ]16| , |17| , |18| ]. 

In this paper, we construct the (Euclidean) five-dimensional J\f = 1 SUSY gauge theory on 
S^ with vector and hypermultiplets. This is not a conformal field theory, thus there are 8 SUSY 
generators and the SU{2) R-symmetry is broken to U{1) by the curvature of S^. These include 
the analogue of the J\f = 2 SUSY 5d gauge theory on M^ for the one on S^, i.e. a vector multiplet 
and an adjoint hypermultiplet. The SUSY transformation and the action are determined from the 
standard Noether procedure. We also show that, as suggested by [|l9|], the rigid SUSY transfor- 



mation and the action can be obtained from the off-shell (4 + l)d supergravity theory [20, 21] by 
choosing the VEV of the fields in the supergravity multiplet. Indeed, by an appropriate choice of 
the auxiliary field we show that this also gives the same 5d SUSY gauge theory on S^ for the vector 
multiplet. 

In order to apply the localization technique, one needs to choose a SUSY generator, which is 
equivalent to choosing a SU{2)r doublet spinor. We show that there is essentially only one choice. 
The bi-linear of the spinors is a vector field without fixed points, which leads to a S^ fibration over 
CP^. Then, for the vector multiplet the standard term for localization [|3|] restricts the path-integral 
to an integration over a generalization of instantons on CP^ and the covariantly constant Coulomb 
moduli. Unfortunately, we have not succeeded in evaluating the localized path-integral for now, 
but hope to return to this problem in the near future. 

The organization of this paper is as follows: section 2 gives a short review of the 5d spinor 
calculus and then constructs the 5d SUSY gauge theory on S^ with vector multiplets and hyper- 
multiplets. Explicit Killing spinors are given at the end of the section. In section 3, localization is 
applied to the 5d gauge theories on S^ . We conclude with a short discussion in section 4. 



2. 5D SUSY gauge theory on S^ 

The 5d SUSY gauge theory on S^ is constructed in this section. 

2.1 5D Spinor Calculus 

First, we summarize the properties of the Euclidean 5d spinors in M^. The 5d Gamma matrices 
are a set of 4 x 4 hermitian matrices satisfying {T"*, F*^} = 2(^'"". The standard notation for their 
antisymmetrized products is 



yn-in2---np ^ /'-pni-p7i2 p"p _[_ 'j 



p\ 



We also need a matrix C which relates T^ to its transpose as CT™C^^ = ib(r"^)^, called the 
charge conjugation matrix. Assuming C to be either symmetric or antisymmetric, one easily finds 
that Cr"i'"p all have definite parity under transposition. Using 



■^nxn2n-j,rnn^ 



one can argue that C and CV^ are antisymmertic whereas CT"^"- are symmetric. They span the 
16-dimensional linear space of 4 x 4 matrices. Accordingly, one also has 

The above further imphes that (C*C)r™((7*C)-i = T™ and that C*C = -C^C is an Hermitian 
matrix which commutes with any 4x4 matrix; i.e. it is proportional to the identity. We normalize 
with 

C*C = -1 . 

In our convention the matrices have the following index structure 

Cap, (r™r^ , (cr"i-"-),;3 , -{CT^ = {c-Y^^c^^ ■ (2.1) 

Spinors ^|)°' belong to a 4-dimensional representation of the rotation group Sp{2) ~ 50(5). 
This representation is pseudoreal, and {^p*)a and {Cip)a = Capij)^ transform the same way under 
rotations. Because it is the pseudoreal representation, the Majorana (or real) condition ip* = Cip 
does not satisfy the consistency ** = id due to C*C = —1. 

The 5d SUSY algebra has SU{2) R-symmetry as an automorphism. For spinors which are 
doublets under SU{2)r, one can instead impose the SU{2) Majorana condition^, 

ii^fY = e^C^/^V'J • (2.2) 

since they are in real(-positive) representations of SU{2) x Spin{5). Here, e^"^ is the antisymmetric 
SU{2) invariant tensor defined by e^^ = — e^^ = 1. We also introduce e/j with ei2 = —621 = — 1. 
For bilinear spinors, we use the following notation 

iv^c^pev^ , ^r"i-"-7? = (cr"i-"-)„^r/ . (2.3) 



2.2 Vector Multiplets 

In this subsection, we concentrate on vector multiplets for an arbitrary gauge group. We first review 
the 5d SUSY gauge theory on flat M^ with off-shell component fields and then study the theory on 



^Here we are considering Euclidean instead of Lorentzian signature, but we still call this SU{2) Majorana. Note that 
in the Lorentzian signature there are also SU{2) Majorana spinors. 



Flat M^. A vector multiplet contains a 5d vector Am, a real scalar a, a triplet of auxiliary scalars 
Djj satisfying {Djj)^ = D^'^ = e^^ e'^'^ Djjt, and an SU{2) Majorana spinor A". For non- 
abelian gauge symmetry, we assume these fields are Hermitian matrix-valued. On flat M^, their 
SUSY variation takes the form 

5i,\i = -h^^^iFmn + T^'^iDmO + tjDKie''' , 
6^Dij = -ii^iT^DmXj + ijT^'DmXi) + [a, ^Aj + tjXi] , (2.4) 

where we used 

^mn — (JfyiAfi Ofi-Aiji tyji-m., AyjJ , 

DmCF = dmcr -i[Arn,(y] ■ (2.5) 

These transformation laws are consistent with Hermite conjugation as one can check by using 
(r™)* = Cr™(7-i along with 

(e/Aj)t = -e'^'e'-''CrXj> , (6r™Aj)t = -e^^'g-^-^'^.T^Aj, , (2.6) 

(e"6Aj)^ = -e'^^iXj , (e"6r™Aj)t = -e^J^jT^Xj , (2.7) 

where we assumed that ^j is an SU{2) Majorana fermion. The coefficients of various terms are 
determined by requiring that the commutator of two SUSY yields the Lie derivative C{—iv) and 
gauge transformation Q, 



with 



More explicitly, 



[5i:,5^] = C{-iv) + g{^ + iv"-'Ara) , (2.8) 



7™ = 2e^-^6r™r/j , 7 = -2ie''(j7]ja . (2.9) 



[6^,6^]a = -iv"-DnCr , 
[Sn, Sr,]Xi = -iv^-DnXi + i[j, A/] , 
[5^, 5^]Dij = -iv^'DnDjj + i[7, Dij] . (2.10) 

In order to derive the above, one needs make use of the Fierz identity which holds for any three 
spinors (^,??, V')'', 

rW) = -^V'"(r/e)-^(r™v)"(^r„o + ^(r'"»"(r?r„„0 • (2.12) 



This is valid if (^, rj, il>) are fermions. For bosonic spinors, we have 

CM) = \rini) + i(r"V)"('7r™C) - ^(r"»"(^r_c) • (2.11) 



Accordingly, the Yang-Mills term ^tr(Fmn^'"") has the following SUSY completion 



(2.13) 



Five-Sphere. For SUSY theories on S^, the supersymmetry transformation parameter $^i is ex- 
pected to be a Killing spinor satisfying 

Dmb = (d^ + ^u;^^r«''') ii = T^ii (2.14) 

with a certain ^/ from the 4d and 3d computations [^ [|8]]. Here Dm is the local Lorentz covariant 
derivative and w^ is the spin connection. We also need to distinguish the curved indices (m, n, • • • ) 
and flat indices (a, b,- ■ ■). T°- is constant but Tm = ^m^"' i^ coordinate-dependent. We will show 



that ^ will be given by ,^. In section 2.4, we explicitly construct the Killing spinors on S' 



5 



The SUSY variation of fields on 5^ takes the form 



JJi 



6^Am = ie iiTm^j , 



d.a = ie^-^iiXj , 



S^Djj = -ii^iT^'DmXj + Or™i?™A/) + [a, ^iXj + ^jA/] + i{^iXj + IjXi) • 

(2.15) 

This form is determined from the requirement that the commutator of two SUSY should be a sum 
of translation (f *"), gauge transformation (7 + iv^Am), dilation {p), R-rotation (i?/j) and Lorentz 
rotation (G"^): 

[5^,5T^]a = -w^Dn(J + pa , 

[6^, 6^]Xi = -iv^DnXi + i[7, Xi] + ^pXi + R/Xj + ^Q-'V^'X , 
[6^, 6^]Dij = -iv^'DnDij + i[7, Dij] + 2pDij + R/^Dkj + R/Dik 

-2iair^jT^Dmij + VJ^"'DUi-^ir'^DmflJ-^jr"'Dmfli) • (2.16) 

Here R/ = e-^^RiK and 

7 = -2ie^-^iir],ja , 

p = -2ie^-^{iifij - ijjIj) , 
Rij = -3i{^ifu + ijfii - r]ilj - rijli) , 
Qah ^ _2ie^^(|,r'^^r?j - rnV'^'^ij) . (2.17) 



The unwanted last term in the right hand side of [6^, 6ri]Djj vanishes if we require 

^"'Dmh = h-Ci or equivalently r™D„r"L>„^/ = 5h ■ Ci (2.18) 

for a certain scalar function h. Note that this also implies 

r^'^D^.Dn^i = ^r^^r-" R^-^Ci = -^R • C/ = 4/i • 6 • (2.i9) 

For round S^ with radius £, the scalar curvature is i? = §§ so that h = —-^. 



The Lagrangian C^ym for the flat space is not invariant under ( [2.15[ ) as it is. To see this, we 
take 5CsYM and extract the term containing the auxiliary field Dij, 



= -2itr(D"^iXj) . (2.20) 

O(Dij) ^ ' 



This can be cancelled by requiring the supersymmetry parameter to satisfy 

h = t/O i-e. Dm^i = Tmt/O , (2.21) 

and by modifying the Lagrangian with the terms 

4ym = -it^-^XiXj + 2at^^Dij . (2.22) 

Our convention is t/ = e^^tiK- The SU{2) Majorana condition on ^/, ^/ leads to 

{tuT = e'^'e'^'trr ■ (2.23) 

Equivalently, t/ as a 2 x 2 matrix is a linear sum of Pauli's matrices with pure imaginary coeffi- 
cients. One also finds 



1 
Thus, we can choose, for example. 



*/*/ = - 7^^/ ■ (2-24) 



i/ = ^C73 . (2.25) 

We note that SU{2) R-symmetry is broken by nonzero t/ to U{1). We also note that the SUSY 
algebra does not contain dilatation and SU{2) R-symmetry except for the unbroken U{\). This is 



seen from (2.17). 



Further computation shows 

8{CsYM + jC-'sym) = -20it/t/tr(c7e"e/Aj) = 10t^^tij6tr{a^) , (2.26) 

so that the invariant Lagrangian is 

tr 

.2 "^' 

+ie'^XiT"'D^Xj-e'^Xi[a,Xj]-it''^XiXj . (2.27) 






From Supergravity. The rigid SUSY theories on curved space can be obtained from the corre- 
sponding supergravity theory [|l9||. The same applies for SUSY gauge theories on S^. We start 
from off-shell 5d supergravity coupled to Yang-Mills theory ||2^, |1|]. We give nonzero VEV to the 
SU{2)ji triplet auxiliary boson tij and the metric in the Weyl multiplet which includes the graviton 
and gravitino. This is because the VEV of the scalar will be needed to obtain S^ and the only scalar 
which appears in the SUSY transformation of the gravitino is tij. This also means that the SU{2) 
R-symmetry should be broken to U{1) on S^. Then, the SUSY transformation of the multiplets 
vanishes if 



6^ 



ml 



Dmil + Tmt'l^J = , 



(2.28) 



where ^^7 is the gravitino. Given that the auxiliary field satisfies the reality condition in (2.23), 
this is the Killing spinor subsection if one replaces t' j - 
mation for the vector multiplet is 



-tj. Accordingly, the SUSY transfor- 



S^Yjj = i(e,r'"Z)^A'j + ejr™Z)„A',) + [a',e/A'j + OA'/]+^(t'/aA'j + i'j''aA'7) , 

(2.29) 

where we have used the identity 

etix"" + ft^K^"" + 2t'^^^XK = (e^t/A'-^ + e^t^^A'O . 

The action is 



9 -C^s 



tr 



i 7? p"^" _ z. 

IJ-rmj^ I j.flJ\\/ oJJ 



Dma'D^a' - YijY'' + 4a't'''Yjj 



jiJ 



or t jja 



l2 



+2iX'j{e''r'^Dm + r')X'j - 2e''[X'i, X'j]a' 



where g' is the gauge coupling constant."^ 

One can show from the result above that under the map 



(2.30) 



(2.31) 





a 


^ 


-0- , 




Xi 


= 


-2X!j, 


Dij 


+ 2tija 


= 


TYij, 




tij 


= 


fi 




Cs. 


= 


29"C',, 



(2.32) 



the SUSY transformation in (2.15) and the action in (2.27) are indeed equal to the ones derived 



from supergravity in ( [2.29| ) and ( [2.3 1[ ). Using the Chem-Simons term [[20|], one can construct the 
SUSY Chem-Simons temi on S^. We have left out the explicit construction in this paper. 



'^We renormalized all the fields in order to factor out g' . Because fcol EJ] used the Lorentz signature, there might be 
some ambiguities for the Wick rotation, which we fix appropriately here. 



For abelian gauge group, FI terms are also SUSY invariant. On flat M^ it is given by 

Cyi = x^'^Dij, (2.33) 

where x^*^ is an arbitrary 5C/(2)R-triplet constant. On S^, one finds that the FI couphng x^'^ has 
to be proportional to t^"' and an improvement term must be added. 

£m = t^-^Dij - Qt^hija. (2.34) 



2.3 Hypermultiplets 

In this section, we present the SUSY theories with hypermultiplets. The system of r hypermulti- 
plets consists of scalars qf, fermions tp'^ and auxiliary scalars Ff. Here, / = 1, 2 is the SU{2) 
R-symmetry index and A = \,- • • ,2r. The fields obey the reality conditions 

{qfr = ^ABe'U'j , ii'^n* = nABCafsi^'"' , {Ffr = ^ABe'^Ff , (2.35) 

where e^'^ ,Ca[s,^AB are antisymmetric invariant tensors of SU{2) ~ Sp{l), Spin{5) ~ Sp{2) 
and the "flavor symmetry" of r free hypermultiplets Sp{r). The coupling to vector multiplets can 
be introduced via gauging a subgroup of Sp{r). 

Flat M^. It is said that one cannot realize off-shell supersymmetry on hypermultiplets with a finite 
number of auxiliary fields. Let us review this by first studying the free theory on M^. 
It can be easily shown that the Lagrangian 

C = e'^nABdrnqfd^-'qj - 2in Asi'^T'^ dmi^"" (2.36) 

is invariant under the on-shell supersymmetry transformation 

5qf = - 2ie/^^, #^ = e''T^^id„,qj. (2.37) 

The commutator of two supersymmetries acts on the fields as 

[5^,5^]qf = -2ie'''0r"'vK ■ d^qf , 

= -2idrai>^ ■ e'^iT'^rij + A^^ . (2.38) 

Here, 

A^^ ^ _ 2iT^d„,ij^ ■ e'^iiTjj + 2ir]i ■ e^-^^r'^^^V^ - 2^6 • e"7?jr™9™V^, (2-39) 

and in the last equality we used 

-2ie'-^r]i ■ ijT"'dmij'^ - {^ ^ v) 
= -idmV ■ e"e/r'"r/j - iT^d^ij'' ■ e'^iiT^j - ir^"9„^^ • e'^^iTtTij. (2.40) 



The commutator of two supersymmetries therefore does not precisely close under a translation by 
^m ^ 2e'^^^jT'^r]K- The failure terms in A-;/;"^ are all proportional to the equation of motion 

One can try to modify the supersymmetry transformation law by introducing the auxiliary field 
Ff. From dimensional counting and the symmetries, the only sensible generalization is 

5qf = -2iiii,^, 6^1;^ = e''r^^ldmqj + ae''ClFl (2.41) 

with an unknown parameter a. But whatever the value of a is, it leads to a failure of the closure of 
supersymmetry commutators on qf, 

i^i, \]Qt = - 2ie-^^ejr"^^i^ • Omqf - 2iae^''Cjm ' Pf- (2-42) 

Thus we will not try to find the transformation law which satisfies that [6^, Srj] is a translation 
for any pair {C,r]). We rather look for the transformation law 6 which satisfies that 6"^ is a translation 
for any bosonic ^.^ This property is sufficient for localization. We propose 

dqf = -2ie/V^ , 

SF^ = 2iirT"'dmi^^ . (2.43) 

and an invariant Lagrangian 

C = e'-^nABdmqtd"'qf - 2if]AB^^r"5™^^ - e''^' ^AsFf^Ff, . (2.44) 

Here, ^ji is a constant spinor which satisfies 

e'^60 = e^'-^'l/'lj' , 66' = , e^^^r^O + e''^' irT^'ij^ = . (2.45) 

It looks nontrivial that a spinor ^// exists for any choice of ^j. Therefore, let us prove its existence 
here. First, given a pair (6,^2) of 4-component spinors with the skew-symmetric inner product 
^1^2 = Capiii2 — 1' ^^ i^ elementary that one can find two more spinors |i, I2 satisfying 

L'tj = , iiL = 1 . 

Then the tracelessness of V^ in the basis ^ , ^2, Ci ; C2 gives 

= Trr™ = eir™e2 - ^r'"^ + L^'^L - Lt'^L 

= e^'iiT^ij + e^'-^'l/'P'^eJ' • (2.46) 



We note that the action in (lAA) is invariant under the SUSY transformation with any Killing 
spinor ^i and corresponding ^i. Thus it gives &5d N = 1 SUSY theory with 8 SUSY generators 
although the commutators between them include terms other than the (usual) symmetries of the 
theories. Furthermore, there is an additional SU{2)' symmetry, which acts on /', J' indices. 



'Below, we will denote 5 as a fermionic transformation generated by a Grassmann-even Killing spinor ^. This 
notation will be used for the localization. 



To introduce the coupling to gauge fields and other fields in the vector multiplet, we need first 
to introduce the covariant derivative 

Dm^^ = dra^^ - i{A„,)\^'' , CtC. (2.47) 

Requiring ^ab to be gauge-invariant, one finds {Am)AB = f^yicl^m)'^ to be symmetric in the 
indices A, B. In the following, we introduce the notation -ipB ^ i^^^AB and suppress the indices 
A,B,- ■ ■ , such that 

e''nABDmqfD"'q^ ^ e'^DrnQiD^qj , 
f^ABV'^r™(A„)^V^ = ipr'^A^iP , etc. (2.48) 

The invariant Lagrangian is 

C = e'\DraqiD^qj - qia^qj) - 2{ii^T^Dra^l> + 4><y^) 

-iqiD^Uj - Ae^^ijXiqj - e^'^' FrFj, . (2.49) 

The corresponding SUSY transformation is 

5qi = -2i^/V , 

5,Ij = e'^r^'^iDraqj + ie'^Clcrqj + e^'^'ipFj, , 
5Fi, = 2ir (ir™D„V + ^V- + e^^^KQi) • (2.50) 



Five-Sphere. Let us first consider the system of free hypermultiplets on S^. We find that the 
Lagrangian 

C = e'^ilABDraqfD^q^ - li^AB^^T^'Dra^'' + ^ e' '^ ^ ABt"" H K iqM (2-51) 

is invariant under the on-shell transformation law 

5qt = - 2ie/V^ , #^ = e'-^T^'ODmqj - ^t'\iqj . (2.52) 

Then the unique off-shell extension is given by the Lagrangian 



C = e'^nABDrr^qfO'^qJ - 2if]ABV'^r™Z)„V 



15 



./Jo 4.KL, AB J'J'r, t:^At:^B 



+ — e'-JVtABt'^''tKLqfqj - e' ' ^ABF^Ff, , (2.53) 



and the transformation law 



6qf = -2iii^^ , 

5^^ = e'^V^i,D„,qj - St'-'^jqj + e^'^'^'Pf, , 

5F{^ = 2iipT"'DmV ■ (2.54) 



-10- 



For systems coupled to gauge fields, we find that the SUSY invariant Lagrangian is 

_ 1 c _ 

-iqiD'Uj - Ae^i^Xiqj + —t^'HKLe'^qiqj - e''^' FpFj. , (2.55) 

with the associated transformation law being 

5qi = -2i^i7p, 

5^p = e^^T^^iiDraqj + ie^^iiaqj - ^t^^^iqj + e^'-^'irFj,, 
5Fr = 2|/,(ir™Z?^V + trV + e^^XKqi). (2.56) 



The square of 5 is 



5^qj = -iv'^Dmqi + ijqi + R/qj 
S^Fp = -iv'^DmFp + i-fFp + R'/Fj, , (2.57) 



where 



Rij = 3z(e^^ei^eL)t/j , 

R'j,j, = -2iii,r^DUj' ■ (2.58) 

Accordingly, 6'^ is a sum of translation (u*"), gauge transformation (7 + iv"^Am), R-rotation (Rij), 
Lorentz rotation (G'*^), and SU{2)' rotation {R'j,j,). This is consistent with the 6'^ for the vector 
multiplets. We can also see that the R'j,j, is indeed in the SU{2)' from the equation e^ "^ R'i'j> = 
which follows from the definition of ^// and the Killing spinor equation. 

We can now consider the mass term for the hypermultiplets. As it is well-known for 4dM = 
2 gauge theories, we can take a decoupling limit of some vector multiplets to obtain the flavor 
symmetry and mass terms from the VEV of the scalar in the vector multiplet. In our case, we 
require a constant m = (a), {A„i) = 0, (A) = and {Djj) = —2tjj{a) for the unbroken SUSY 
and the bosonic symmetry. Accordingly, the mass term is given from ( |2.55| ) as 

C-mass = — e Qirn^Qj — 2-il)mip + 2it qjmqj = qj (— e m^ + 2it rnj qj — 2'iljmip. 

(2.59) 

We note that m is an abbreviation for m^ which should commute with the remaining gauge sym- 



metry. We see that the SUSY transformation law in ( |2.56D now depends on the mass parameter m 
even though we are considering the off-shell fields and 6"^ includes the flavor symmetry generator 
linear in m. 



-11- 



2.4 Killing Spinors on S^ 

By now, we have assumed the existence of KiUing spinors on S^, ^j. In this subsection, we con- 
struct them explicitly. 

Metric. Flat M^ and round S^ (with radius £) have the metrics 

5 



dsl_5 = ^ dx^dx^ = dr"^ + r'^ds^gi 



n=l 

ds% = e'^ide^ + sin^ edsl^) , (2.60) 

where r^ = X]n=i(^")^- ^^^ '^^^ embed a round S^ in flat M^, and think of flat M^ which contacts 
the S^ at its south pole. Then stereographic projection maps every point on the 5^ onto M^ by a 
line passing through the north pole. It gives the relation r = 2£tan | and 

fde^ = ^- , f sin^ e = ^- . (2.61) 

Therefore, 

dsL = 2-^- = ^ a" = > e^'e"' , (2.62) 

\^ ^ Jp) V-^ "T JpJ a=l 

where e" = f6^dx"' and / = (1 + jp)^^- The spin connection tj"^ = ^^ w"*'"^e'^ is determined 
from the torsion-free condition 

= de" + w'^^e^ = r^dnf5l ■ e^e" - w^^'^e^e" . (2.63) 

The corresponding solution is 

^'^h^c ^ j-2Q^j^^ac^nb _ ^bc^nb-^ . (2.64) 



Killing spinor equation. We first solve the Killing spinor equation without the SU{2) R-index: 

I?m* = ^r„^ , (2.65) 

which becomes 

D^^ ^ a™vI/ + ir"^<5^5"^a„ln/M/ = ^^fS'^T''^ , (2.66) 

where the coefficient l/2£ in the right hand side is put for later convenience, and the Gamma 
matrices are all coordinate independent. The above equation can be rewritten as 

dmif-'^^) = ^^fU'^T'^i^ + id^V'dnf-'^) . (2.67) 

The simplest solution is 

^ = /5*o, § = -^/^*o. (2.68) 
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One can furthermore find 

Dm^ = - ^/Cr"^ . (2.69) 

Next, we find the SU{2) Majorana spinor field ,^/ satisfying 

D„,^j = t/rUj ■ (2.70) 

Setting t^ = —t2 = ji, t^ = t2 = one obtains 

6 = (l-^)/^^2 , (2.71) 

where ^i, ^2 are constant spinors related to each other by ^l = C^2, ^2 = — C^i. 
Bilinears of Killing spinors. The scalar bilinear of the Killing spinors takes the value 

^"e/O = 2^fC6 = 2f^Ul + ^^^5^)c(l - ^)*2 = 2^^, , (2.72) 



2i J \ 2i 

Let us normalize it to unity, 2^2^2 = 1. The vector bilinear takes the form 



dx"- ' '\ 2£ J V 2i J dx-^ 



2i J V 21 y^"5x« 



2^2(1 + ^T7^)r (l-^Ti^)^27r:r • (2-73) 



Assuming ^2 to be an eigenspinor for F^^ = F^^ = i and F^ = — 1, the vector bilinear simplifies 
to the following form 



l-jpj* + ^a.| . (2.74, 

We can show, when we regard the S^ as embedded into flat M^, that the above vector bilinear f is a 
sum of rotations about the 12, 34, 56-planes with an equal angular velocity. In order to show this, 
we introduce the Cartesian coordinates Yi , • • • , Yg on M® to express the round S^ as 

Y^ + --- + Yi = i\ (2.75) 

with 

Ye = i cos e, Ya = i sin 9 fa , (2.76) 

where r" is a unit 5-vector. Combining the above with Xa = 2£tan | fa, one finds the relation 
between the coordinates (xi, • • • , x^) and (Yi, • • • , Ys), 

Xa 9 Id XaXh d ,r. ^^-^ 

" 1 + ^' d^a l + ^dYa 2l^{l + iYdY, ■ ^- ^ 
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Inserting ( 2.1% into the expression for v in ( 2.74 ), one obtains 



1 /^^ d ^^ d ^^ d ^^ d ^^ d 
oYi 0Y2 oYs 0Y4 0Y5 



(2.78) 



as a vector field on 5^ with the coordinate system (Yi, • • • ,15). This is a restriction onto the S^ of 
a vector field u on M^, 



1 /- . d d d d d d 



(2.79) 



which is the vector field generating the simultaneous rotations about the 12, 34, 56-planes by the 
same angular velocity. Note that, if we dimensionally reduce the S^ along v, we obtain CP^. 

Circle fibration over CP^. In order to write the metric on S^ such that the circle fibration struc- 
ture is manifest, we introduce the (inhomogeneous) complex coordinates z^,z'^ and an angular 
coordinate -d to express Yi , • • • ,Yq a.s 



Yi + iY2 = Re'^z^ , Y3 + iY4 = Re'^z^ , Y5 + iY^ = Re'^ , 
R = 



x/TTpf+l^ 



112 I |~2|2 



(2.80) 



Following the above, the vector field v becomes simply v = —jd^, and the metric on S^ reads 



ds2 = "^dYidYi 



i=l 



M + 



i{z^dz^ — z^dz^) 

2(l+[zl|2 + |z2[2^ 



+ 



dz^dz^ 



112 I U2|2 



1+ zi 2+ Z 



z'^dz^ ■ dz^z^ 



(2.81) 



With the notation 



ds 
9ij 



2 - f [{d^ + y)2 + 2gijdz'dz^ , V = Vidz' + Vidz\ 

1 - ^ - '- ' 1|2 I u2i2n 



'-didjhl{l + \z'Y + \Z^\') 



(2.82) 



we have 



dV = 2igijdz'' A dz^ . 



(2.83) 



If we use the above metric on S , a contravariant vector X has components X ,X ,X ,X 



and X . The inner product of contravariant vectors are 






{X^ + ViX' + VjX')(Y^ + ViY' + V,Y') + g^jiX'Y^ + X^Y') 



, (2.84) 



with the component of the metric Gmn being 



Gm — ( 1 G^i — i Vi , G^i — i Vi , 

Gij = f (Qij + V,Vj) , Gij = fV.Vj , Gg = fV.Vj 



(2.85) 
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The inverse metric has components 

G'^ = r^g'^ , G'^ = G'^ = , (2.86) 

where g^^ is the inverse metric on the base CP^, namely gijg^^ = 5^. 



3. Localization 

In this section, we apply localization to the 5d gauge theories. 

Vector Multiplets. Let us first concentrate on the vector multiplets and choose a Killing spinor 
^/. Denoting the corresponding SUSY transformation as 5, one notes that 5"^ is a combination of 
the transformation generated by t>™ and an U{1) R- and Lorentz transformation. Assuming that 
the transformation 5 is the quantum mechanical symmetry, we obtain 

^(OiO2---One-*''')=0 , (3.1) 

where Oi and / = J^g V are assumed to satisfy 50i = and 

52/ = . (3.2) 

Here, we also assume that 51 is (real) positive definite in the path-integral. Accordingly, by taking 
i — > 00, the path-integral is localized on the constraint 5/ = with the one loop determinant for 
the regulator action being —51. 

To explain our choice of the regulator Lagrangian, we recall 

5\i = - ^r™"6i^mn + T^iiD.m(T + 0(^i^/ + ^ix/)e^'^ • (3.3) 

In this section, we take $^i as Grassmann-even such that 5 is the fermionic transformation. Of 
course, this is the symmetry of the action because it is linear in ^/. Note that the commutator 
[5^, 5^] becomes 25"^ . For 5"^ , the right-hand side of the commutators in (2.16) are unchanged, but 
the parameters become 

^™ = e^'iiT^tj , 

p = , 

RiJ = -3i{Ciij + CAi) = 3i(e^^ei^a)t/J , 

G"'' = -lie^-^^iF^^ij . (3.4) 
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To make the SYM Lagrangian positive definite, we notice that the path integration contours 
for a and D have to be rotated by 90 degrees, which implies that they are regarded as purely 
imaginary.^ Accordingly, the complex conjugate of the above formula is 



('^A/)* = - -e'' Cr™"6'i^mn - e'' CT'^irD^a - e'' CUDrp + atKi')e-''' . (3.5) 
Its transpose is 

(5A/)t = + i/^F^„e/'Cr™" - e^'^Dma^rCT"' - e''\DKV + crt/f/OOCe-^^ . (3.6) 
We then take the regulator Lagrangian of the form 5V , with 

V = tr[((^A)U] 



tr 



-e^'iiT^^XjF^n - e^'iiV^XjD^a - e'^^xXjiDu + 2atu)e 



KL 



and ^i being Grassmann-even.^ One should note that 



5^ I y = 

'55 



(3.7) 



(3.8) 



which can be shown as follows. The 5^ is the bosonic symmetry transformation of (3^1, however, 
^/, whcih is not a field, does not transform under the transformation. Since all indices are properly 



contracted in V , ( |3.8| ) is correct if ^j would transform under the symmetry as its indices indicate. 
This is possible if ^i is invariant under this. Indeed, the Jacobi identity [5"^ ,S\ = implies that ^/ is 
invariant. This is because by decomposing 5 to a spinor and to SU{2) components as 5 = ^ai^'^^ , 
we see that [5^ , 6] = J^' where ^' is the transformation of ^ by the bosonic symmetry. We can also 
show the invariance explicitly by using the identity t^'^w'^jFabCi = ~4tj ■^^j followed from the 
Fierz identity. 

5V consists of a collection of purely bosonic terms and terms bilinear in the fermion. The 
purely bosonic terms read 



5V\bo, = tr 



^F--i^^„ - RmaD^'a - ^{Dij + 2cTt/j)(Z?^^ + 2at") 



(3.9) 



Using Vmv"^ = 1 (which is derived below), one can complete the square such that 

6V\bos = tr 



, \^ ran c^^vanpqr'J ^ jyJ- 



le-^'-^^Fi^) + i(^PFp^)(^gF«-) 



1 



DraaD'^a - ^{Dij + 2atij){D^-^ + 2at^'^) 



(3.10) 



^Here, the SUSY action and the SUSY transformation are written in terms of A/ , a, Djj, which are holomorphic. Ac- 
cordingly, the action is SUSY invariant for any choice of the contour. This is clear because we have not used \\,a^ , D\ j, 
in the Lagrangian and in the SUSY transformation. The choice here corresponds to, for example, a^ — —a, which is 
not the relation a'' = a originally assumed. 

'We can think of the right-hand side as the definition of/ and forget about the definition of (5(Ai)^. 
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This is indeed positive definite (by definition) for our choice of the contour. The saddle point 
condition (^F|feos = is therefore 

F^n = -emnpqrVPF'i'- , v"^ Fmn = , DmT = , Dij + 2atjj = , (3.11) 

where the first equation implies the second equation. This kind of instanton equations was studied 



in[g2|]. 

Below, we derive the equality Vmv"^ = 1. This follows from a stronger equality 

TmCi-v"" = Ci . (3.12) 

To show this, we look into the following Fierz identities^ 

= ^^Ke'^'iOCi) - ^Te^Ke'^'iOT^) - ^r,^C7^e^^(Or^'"e/) ■ (3.13) 



Using 



one finds 



06 = -leji , Or"6 = -l^Ji^"" ' (3-14) 



rn6 • v^ = hi - |r,6 • v' - lremCKe-'''{^jr'^Ci) • (3.i5) 



By taking the difference between the above two equations, one finds the desired equality in (3.12). 
Next, we show that 6^Xj = follows from the saddle point condition in ( p.ll[ ). Recall 

S^Xi = - ^r^'^^iFmn + r^C/^mCT + ^Dki + 2atKi)e'''' . (3.16) 



Assuming ( 3.11D , all the terms on the right hand side except for the first one vanish. To show that 



the first term also vanishes, we notice 

= _(rP5r- _ rv" + r^gnCiFpgVr = - rp^CiFpg . (3.i7) 

Therefore, r"^"-^jFmn vanishes. Note that, in the second equality, we use r^^^^^ = 1 leading 



to r™"emnpi7r = —'^^pqr- We also usc (3.12) in the fourth equality. Since (5f/|bos vanishes by 



construction if 6^Xj = 0, it follows that ( |3.1l| ) and 6^Xj = are completely equivalent 



**Note the sign difference from the previous formula due to the fact that we are here dealing with Grassmann even 



spmors. 



17- 



Let us now consider the saddle point equation in 0. 1 1| ). We recall that v"^Fmn means a 
translation (Lie derivative) with f™ and a gauge transformation with v^Am of An- Thus, if we 
can take v'^Am = gauge, the condition v^Fmn = means An is constant in the u™ direction. 
Accordingly, we can think of the gauge field as being only on CF^. It should be an instanton 
solution which follows from the condition Fmn = \^mnpqrV^F'^' ■ If, for example, a Wilson line 
for v'^Am^ does not vanish, we can not take the gauge. In this case, the saddle points are a 
combination of the Wilson line and the instantons. Therefore, we conclude that the path-integral is 
reduced to an integration over a generalization of instantons on CP^ and the covariantly constant 
a on it. Needless to say, it is important to carry out explicitly this integral with the one loop 
determinant factor and saddle point action. We hope to return to this problem in the near future. 

Hypermultiplets. Finally, we consider the localization of the hypermultiplets. If 

^^ = e^r^e/^m'ZJ + ie'-^ii{a + m)qj - St'-^CiQJ + e^'-^'ipFj, , (3.18) 

then its complex conjugate should be (before rotating the integration contours for some variables), 

(5V)* = ^C(e"r™e/Angj + ie'-^^i{a + m)qj - 3t'-^^iqj + e^'^'ipFj,) . (3.19) 



For positivity of the action of the hypermultiplets with the mass term, we have assumed that F is 
"pure imaginary", q is "real" and the complex conjugate of m is the same as the one for a. With 
the rotation of the contours for a, Djj, Fji (and m) taken into account, this is modified to 

{6tl;y = J7c(e"r™e/^mgj - ie'^Ci{(^ + m)qj - St'^CiQJ - e^'^'irFj,) . (3.20) 



By taking its transpose one finds 

(Si;)^ = e^-^^jCr"'D„,qjn + ie^^iiCqjVl{(T + m) - St^-^^iCqjQ - e^'^' irCFj,Vl . 

(3.21) 

The regulator Lagrangian for the localization will be SVhyper where 

Vhyper = (<5^)V • (3-22) 

Then, the bosonic part of the regulator Lagrangian is 5Vhyper\hos = ((5^)^5'(/' which becomes 
SVhyper = -e^^DrrmDmqj + Sv^'t^'^ qiDmqj + -^t^hije^^qKqL 

+wTjDmq'Dnq-^ - ^e'-^qi{a + mfqj - ]^e''-^' F^Fj, . (3.23) 

Above, we have defined 

mn /- T-\mn c /o T/i\ 

w ij = iiT ij , (3.24) 

which satisfies w"Yj = w"j\ = —w'^fj. Using the identities, we show from the Fierz identities 
that 

1 

— ( 
2 



myper = ^€^^ {v"" D^^qj - Mj^qK) {v^'Dnqj " Mj^qL) 



+ -e^^ i^DPqK - vP{v'^DgqK) + 2^0^";,' D„,qjj {D^qL - Vp{v' Drqi) + 2Wj,nLD^qj) 
-^e'^qi{a + mfqj-^e''-^'FpFj, , (3.25) 
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where each temi is positive definite for our choice of the contour. Therefore, the conditions for the 
saddle points are 



Ck = v'^D^qx - StK^QL = , 

C'pK = DpQK - Vpiv'^DrqK) + 2Wp^/ D^qj = 

{a + m)qj = 0, Fj, = . 



(3.26) 



Furthermore, in the Coulomb branch, where {a + m) does not have zero eigenvalue, the conditions 
are trivial; qj = and Fji = 0. On the other hand, a Higgs or mixed branch would exist if {a + m) 
has zero eigenvalues.^ 

Let us derive some identities for w"fj. Multiplying ^^rP^P^-- with the Fierz identity, we have 
the following: 






+eP"''''^''WmnIjWgrKL , 







SejKW^^^j - 2ejinf^ ^^ - 2eLKW^ jj 



pqmrs 



WrsJI 



-4 {w'^'^jiW^^LK 



pn q 

W Jl^ nLK 



Then, by applying e^^ to the identities (3.28) and ( 3.29] ), we obtain 

= VmW^\^ , 



In addition, by applying e^^ to the identities ( 3.27 ), ( 3.28 ) and ( 3.29 ), we obtain 



U— Z.W j^-l-e yw jjW nLK^^ IK^ riLj) ' 



(3.27) 
(3.28) 

(3.29) 

(3.30) 
(3.31) 

(3.32) 
(3.33) 
(3.34) 



By taking the square of the first term and the second term of ( |3.31 ), we have the following identity 



e {w^ijw\^^ + w'^'^jjw^^^^) = -eiKiff 



PI 



With this and (3.34) we find 



6^^^^ V^^JL = ^'\j + 7 ^9^' - -'-') '^J 



(3.35) 



(3.36) 



Using the identities we derived, we can show the form of the bosonic part in (3.25) where the 
positive definiteness is manifest. 

We can also show that 6ip = is indeed satisfied by the saddle point condition. It is easy to 
see that S,kSiIj = and ^x^^Sip = on the saddle points. We also find the identity: ^K^P'^dip + 
vi{^K^P6'il^)-vP{CKT'i6i;)-2{^i6ij)w''j^je^^ = 0. Therefore, we have indeed shown that ^V' = 
is indeed satisfied on the saddle points. 



'However, it is possible that there are no solutions of Ck ~ C'pK = on S'^ 
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4. Conclusion 

In this paper, we have constructed 5d SUSY gauge theories on the five-sphere with vector and 
hypermultiplets. We have shown that with the localization terms the path-integral can be restricted 
to an integration over a generalization of instantons on CP^ and the covariantly constant Coulomb 
moduli. It is interesting that instantons in 4d appear in 5d SUSY gauge theories on S^. If we regard 
the 5d theory as a compactification of a 6d conformal field theory, the 4d instanton in the former 
can be interpreted as a Kaluza-Klein particle of the latter. Then, the choice of the Killing spinor, 
which determines v"^, corresponds to a choice of a Wick rotated time direction. 

It is of great interest to study further the appearance of instantons on CP^ in the context of 5d 
SUSY theories on S^. Evaluating the integration over the moduli space of instantons and hence 
finding the localized path-integral are key steps to take in future work. In addition, of great interest 



is the study of SUSY gauge theories on deformed S^ in line with the work in [23] for the case of 
the squashed three-sphere. 
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Note added: 



As this article neared completion, we became aware of the preprint [ ]24| ] in which topological 
SUSY gauge theories on 5d manifolds with circle fibration structure, including spheres, are con- 
structed following the 3d case [^. Our 5d SUSY gauge theories on S^ with the terms needed for 
localization would coincide with their topological one if we ignore the original action. This would 
be equivalent to taking the (formal) strong coupling limit. 
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